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Research topics

Modelling and simulation of transport in semiconductor nanodevices

¢~ Different kind of devices:
— in strong connection with industrial R&D:
- "conventional” transistors (MOSFET, HEMT, ...): towards nm scale
— more advanced devices for nanoelectronics:
- quantum dots and single electron devices
- quantum wires, carbon nanotubes and related devices
- resonant tunelling diode

< Different approaches to transport modelling:
- Semi-classical Boltzmann transport equation (Monte Carlo)
- Single electron tunnelling (Master equation and Monte Carlo)
- Quantum transport equations
- Non-Equilibrium Green function (tight-binding)
- Wigner function (Monte Carlo)

& Device simulator associated with these modelling techniques:
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Microelectronics and CMOS limits

. . . ate
The top-down approach in microelectronics: J

source H drain
Downscaling of CMOS devices I SIO, I

CMOS requires very good and reproducible XJI Np 1 L » Np
device characteristics:

— high |, (rapidity) Si substrate

— low | (power consumption) Na

— well calibrated V; ]

Downscaling in the nanometer range makes difficult to meet the CMOS requirements:

— gate tunneling leakage (ultra-thin oxide)

— short-channel effects (degradation of current control)

— access resistances

— quantum effects (charge control and transport)

— interface and doping fluctuations (fluctuations of device characteristics)

% the concept of CMOS is questionable at the nanometer scale
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The future: nanoelectronics and bottom-up

The bottom-up approach:

1) Introduction of nano-objects in conventional devices and circuits
— new functionalities

2) New concepts of devices and circuits based on nano-objects, molecules,...
— post-CMOS architectures

Possible candidates:

¢~ Carbone nanotube (CNT)

- semiconducting CNT : excellent transport properties — channel of FET
- metallic CNT : interconnects

" silicon or germanium nanocrystal (NC)

- Coulomb blockade effect, improved current control
- "Single-electron” devices and circuits

— Promising demonstrations of devices
= compatible with silicon technology
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The evolution of microelectronics: towards nanoelectronics

carbone nanotubes and applications

Oxyde de grille iy
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Transport in semiconductor nanodevices
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Transport in semiconductor nanodevices

1. From the crystal to the transport equation
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The semiconductor crystal

* Most usual semiconductors have a diamond-like (Si, Ge) or zinc-blende-like (GaAs) structure

* Diamond and zinc-blende crystal = 2 fcc lattices:
1 is displaced 1 quarter of the length along the diagonal

tetrahedral bonding with 4 nearest neighbors

Si: { a=0.543 nm
" | 5x1022 atoms / cm3
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The semiconductor crystal

* Most usual semiconductors have a diamond-like (Si, Ge) or zinc-blende-like (GaAs) structure

* Diamond and zinc-blende crystal = 2 fcc lattices:
1 is displaced 1 quarter of the length along the diagonal

Lattice (fcc) —_— Reciprocal Lattice (bcc)

primitive unit cell (Bravais cell) 1st Brillouin zone
= rhomboedron = ocatedron with truncated corners

cubic semiconductors (2 fcc latices):
N, = 2 atoms per unit cell
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The crystal Hamiltonian

For an assembly of atoms in a crystal:

) 2
H:ZZF)II\/IJF;ZU(QI_%)JF Zp‘m+;ZW(Fi—T'j)+ZV(ﬁ—F3|)
[ I,m i ij Ll

Where | and m label the nuclei, i and j label the electrons, p is the momentum
M is the nucleus mass and m is the electron mass
R is the position of a nucleus and  is the position of an electron

P is the kinetic energy of the nucleus |
2M
2
P is the kinetic energy of the electron i
2m
U(R-Rp) v is the interaction potential between nuclei | and m

2
W (F ~-T ) = (]/47”‘90 is the interaction potential between electrons i and j
Vv (ﬁ - ﬁ|) ................ is the interaction potential between electron i and nucleus |

Schrédinger equation: HY¥Y =E ¥
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The crystal Hamiltonian: approximations

&~ 1st approximation:

* Core electrons are strongly linked to the nucleus
which forms an « ion core » labeled by indexes | and m.

* In the previous equations the indexes i and j only label valence electrons
which is the main sub-system of interest in transport problems.

"ion core"

atomic nuclei
+

core electrons

valence electron
+

core electrons

atomic nuclei + valence electrons

indexes I,m indexes i,j indexes I,m indexes i,j

System of interest for transport problems
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The crystal Hamiltonian: approximations

¢~ 2nd approximation: ("adiabatic" or "Born-Oppenheimer")

% electrons much slower than ions
= Electrons can instantaneously adjust their motion to that of the ions.

= Thus the wave function is approximately of the form:
¥ =¥, (rRy) ¥ion (R)

o {*]’ion (ﬁ) is the wavefunction for all the ions (independent on electron position)
where:

e (f’, ﬁo) is the wavefunction for electrons (instantaneously dependent on ion position)

H = Hlon(ﬁ)JrHe(r’ﬁ0)+He—ion(r,5|§) with  SR=R-R,=S

[ Hion (ﬁ 2 M 2 ZU Qm acts only on the ions
1 H, (F.Ro)= Zq * 4 gy + ZV (ﬁ ~-R, ) acts only on the electrons
2 m 2 ‘ r— rj ‘ 4 [
L HeZion (? 5R) is the effect of ion displacement on electrons (usually small perturbation)
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The crystal Hamiltonian: approximations

Hion (ﬁ) ¥ion (R) Eion ¥ion (ﬁ) is a purely ionic Schrodinger equation
{ H, (F, ﬁo) ¥, (r', ﬁo) =E, ¥, (r, ﬁo) is a purely electronic Schrodinger equation

¥~ 3rd approximation: ("Mean-field" or "Hartree-Fock" or "one-electron")

&> The electron-electron interaction is averaged and considered as a perturbation

( ¥, (r', ﬁo) = H ¥ (ﬁ, ﬁo) where ¥; is the wave function of electron i
Q>< Hei (T,, ﬁo) b (T, ﬁo ) = Eei b (F, R’o) is a one-electron equation

He (ﬁﬁo):piJrZV(ri—ﬁo.) — Ve(r)= 2 V(5 Ro))

is the (periodic) crystal potential

2
-—) {p +V, (T)} Y(F)=E¥(F) | =» Band Structure of the crystal
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The crystal Hamiltonian: approximations

2m

{pzwc(r)}v(r): E¥(r)

is the electron equation for an ideal non perturbated crystal
(T =0, frozen atoms, no impurity, infinite crystal,...)

By including all sources of perturbation:

p2 is the full
——+V (1) + Vear (F) + Ve (1) |#(F) = E (1) one-electron
2m \ equation

scatterings "external” fields
(phonon, impurity,...) (heterojunction, bias voltage,...)

Usual approximation:
Weak perturbations — transitions between allowed states of ideal crystal

(no effect on the band structure)
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The crystal Hamiltonian: summary
: . , Treatment:
%~ ion equation: (all ions)
= H;, (ﬁ) ¥ion (ﬁ) = Eion Fion (ﬁ) gives the phonon spectraé quantum
& electron equation: (one electron) _____________________________
2 |
P
)+ Ve (1) 4 Ve ()| (1) (1)
p° 5
- 2—+VC (T) S”(F) =E S”(T') gives the band structure quantum
m i
Voeart (F) @nd Vo, (T) are considered as weak perturbations ...
—) VScatt (r) . scatterings (transitions between allowed states) guantum
| classical
m V.. (F) :transport phenomena or
: quantum
16

P. Dollfus, 4th School of Simulation and Modelling Physics, Hanoi, 22-23 Dec. 2005




Semiconductor band structure

{;;ﬁ\/c(r)}u(r):Egv(r) M& Wﬁ(r)zexp(iﬁ-r)uﬁ(f')

periodic crystal potential where Uy (F) has the periodicity of V. (T)

(normalisation = Y. (F)= \/E— EXIO(i k- f') Ug (r)]

(u, is normalized to 1

The first Brillouin zone

Bandstructure of silicon : in the unit cell)
c _
., conduction

— bands (CB)
% Do
<z _.band gap
o
@ valence
L bands (VB)

“tight-binding
calculation

using LCAO
7k [Sée et al.
L A r A X S UK z ' Phys. Rev. B 2002]
Wave vector direction
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Effective mass end equi-energy surfaces in band extrema

Conduction band of GaAs:
— 1 spherical valley in T’
(+ satellite L and X valleys)

h? h
2m* 2m*
(parabolic approximation) (a = non parabolicity coefficient)

E = k® or E (1+aE)=_——k°

with m*=m, m; =0.063myand « =0.58eV™"

k
Conduction band of Si:
K, — 6 ellipsoidal A valleys (near X)
2 2 2 2 2 2 2
k k k k
E(l+aE)= N . SR . U LR
2mg|l mp m,  m, 2mg |\ mp m,

with m, =0.916 , m; =0.019, =05 eV
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Electron kinematics — acceleration effective mass

* velocity of an electron = group velocity of the wave packet:

ow 1 0E 1.
Vv,=—=—— (1D v, =—V.E (3D
o=k nak P 0 =5 V= B B}
nk
* velocity in k-space: m

for an electron under the action of a force F

dE—Fdr=Fvdi=—.9Ey dk _F
h dk dt &
* acceleration in real-space:
dv 1 (06°E dv [ 1 7=
—=—|—-=|F (@D y=—=—|F 3D
dt h2£5k2J (o) 7t {m*} o
1 _1(2%E (1)_1 0°E
m* K2 | ok m*J;  h* | ok; ok;
_ dv _ 1 E tensor of acceleration effective mass

7= me

(—) parabolic band : vV = *j
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Density of states in k-space

semiconductor of finite size = finite number of k values allowed

* in a periodic linear (1D) chain of N atoms of length L, = N a,

Y(0)=¥(0+Na)= u(0)=exp(ik, Na)u, (Na)=exp(ik, Na)=1
so only discrete values are possible: Kk, =n, 2—” , N, =1 2, 3.
X
spin degeneracy = 2 possible states in each space iﬂ

X

L
— the density of states in k-space is n(k, )=2x 2"
T

*ina 3D crystal of volume =1L L L

e B L, L, L v
— the density of states in k-space is n(k) =2Xx X x—Tx—t= 3
2r 2r 2w Ax

— the density of states n(E) in energy-space is deduced from:
{n(l?)dl? =n(E)dE

E (k) ¥~ depends on the material

we impose periodic bounadry conditions:
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Density-of-states effective mass

2
— I" valley of GaAs (spherical): E (lZ) Zh k? (parabolic approximation)
m*

the number of states in the range of energy [E, E + dE] is: n(E)dE =n(k)dk

1D gas (length L) 2D qgas (surface A) 3D gas (volume V)
n(IZ)dlzzzLxdk n(k)dk = 22 2rkdk n(lZ)dlzzzvst?k?dk
27 A2 87
L 172 1 A fo 3/2 —1/2
N(E)=————(m*) " —— n(E)=——m* n(E E
()= ()" (B)=—" (E)=—75(m*)

& Density of states effective mass: Mpos =M™
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Density-of-states effective mass

) hz k 2 k 2 k 2
— Avalleys () of Si (ellipsoidal):  E(K)= | "X+ 24
0 I t t

V\/_ 3/2 3/2
n(E)=6x 2hg(o) (m,”zmt) EY2 (3D gas)

V2

3/2 1/2 12 o \2/3
23 (Mpos )™ " E mDos—mo(ﬁm mt)

n(E)=
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Quantum confinement: effective mass approximation

Example: GaAlAs/GaAs/GaAs heterostructure=—> Conduction band discontinuity

Ec

GaAIASi GaAs 5 GaAlAs Confinement potential V,

~— T which brokes the crystal periodicity

" |

— @y ()| () E ()

»

2-dimensional Effective mass approximation (m¥*) ?

electron gas 5 5
{ L d+Vp(z)}F(z):EF(z)

2m* dz?
where F(z) is the envelope function of a bound state

— The effect of the crystal is fully included in the effective mass m*

v, (1) =F (z) exp(ik,x) exp(ik,y) g, (%,y)
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Electron transport in semiconductor nanodevices
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Electron transport in semiconductor nanodevices

2. Classical transport:
The Boltzmann Transport Equation
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Distribution function

Classical approach:
The quantum properties of the electrons are neglected: one can specify at each time t
the position F and the wave vector K (or the momentum p).
The system is fully described by the distribution function f (F, Iz,t)
which is the probability to have an electron in state K at position 7 at time t

— all physical quantities related to the electron gas are deduced from the distribution function:

n(r)=>f (F,Iz,t):Jp(k) f(r,K,t)dK
vx(r',t):kZ:vx(IZ) f(r.K.t) :jp(k)vx(k*) f(r.k,t)dk
E(F,t)zzk:E(IZ) rKt) Ip (7,K,t)dK

At thermal equilibrium electrons obey the Fermi-Dirac statistics:

E(r |Z)— c -1 {Ef is the Fermi energy
f(r.kt)= fo(r,E)={1+exp( k - f ]] E(F.K)=E,(r)+e(K)
g /p;tentiel enfergy lzinetic energy

total energy  (bottom of CB)

2l
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Boltzmann Transport Equation (BTE)

in-scattering out-scattering
e out flow - dk

k +dk l-----mmmeeaaev o f (k dk) dt
Al on dx v
IN-TIOW - out-riow e
fo0 T T (x 0) o
K |.dt | ¢ dt dk _F
o dt 7
i inflow
IOk
: dt . x in and out
X X+ dx / scatterings
of (x,k,t)

ot dk dx

coll

st dxdk =[ f(x)— f(x+dx)]vét dk+[f(k)—f(k+dk)]';5t dx +

f d f(k)—f(k+dk
[F)-T(xrd)] [T f(k+d)]F o
5t dr dk n ot
o o F o o BTE in 6 dimensi
U AN v LI TR in 6 dimensions
ot h Ol | Phase space
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Collision term - scatterings

Possible collision mechanisms (collision = interaction = scattering): — S; (k, k')
- electron-phonon scattering
- electron-impurity scattering
- electron-electron scattering
- alloy scattering (in SiGe, AlGaAs,...)

. o ) .
Transition rate: S; (k,k’) = oz <k' H; k> o X §(E’— E) (Fermi golden rule)
(for mechanism i) h /‘ KDOS (1st order perturbation

matrix element of H, theory)

Collision term in BTE (ink):

atCO“:E Uf\(k)[ f(K)]si(K.K dk, jf (k)] i(k—,lg,)jﬁ,}_/éf
|
in- SCattermg out- sca?tgnng collision operator

of

in non-degenerate electron gas: f (?, Iz,t) <<1

Hf K)a%k - [ 1(K)s IZIZ)dW'}

N
8t

coll
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Electron-phonon scattering

— the energy of each mode o, is quantized according to:
1 . :
Enq = ha)q {nq +2} Png =\nq>: Hermitian po_lynomlal
of degree nyinq
— the quantum of energy is a boson particle called phonon, whose number is given by:

n., =

d Lha)q j
exp -1

General expression for transition probability per unit of time from k to k' (per unit‘é)f volume dk')

h 1 2 1 1
! ! ! J—
Sucen (kiK)= " 2 D2 (k) [nq +2i2}5(E _Etho)
7 PR + . emission
dependent on { . absorption
phonon process '
where O is the mass density Dq is the coupling constant
2
G(k,K")= j dr (r)uc(r)exp[iG-r]| isthe overlap factor
cell
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Electron-phonon scattering

[2)

TO (x2)

typical X
phonon

spectrum A /
(along

1 direction) TA (x2)

0

0 a

Classification of phonon processes:

* 2 physical mechanisms of interaction:
- Deformation potential (all SC)
- Electrostatic force (polar SC, e.g. GaAs)

* 2 types of phonon mode (branche):
- Acoustic modes
- Optical modes

* 2 types of transition:

- intra-valley (small q)
- inter-valley (large q)
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Electron-phonon scattering

Evaluation of the overlap factor G (k, k")
* Electrons:
— intravalley process in T valley (GaAs): G(k,k")=
2
|(1+aE)"* (1+aE')"* +a(EE')* coso |
(1+2aE)(1+2aE’)
— intravalley process in X valleys (Si):
G (k,k") = constant =1
— intervalley process:
* Holes:
. N 1
— intravalley process: G(kk') = 4(1+ 3cos? 49)
. N 3.
— intervalley process (hh«lh): G(kk') = 4Sln2 0
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Electron-phonon scattering
Evaluation of the coupling constant D,
* Deformation potential:
— acoustic intravalley: haog =hvgq Dy =Dqcd with D, in eV
(small a)  sound velocity
— optical/acoustic intervalley: 7@, = Const Dy =Dg + % +... with D, in eV/cm
(large q)
* Electrostatic force (polar material):
2 2
— acoustic intravalley (piezoelectric): D, = eR zq 5 s = en
& \q°+0q; ekg T
(P, = piezoelectric Const, g, = inverse screening length)
— optical intravalley (polar optical): Dq = M R
q Ent St
(& and g; = high frequency and low frequency permittivity)
&, We have all needed information to calculate the electron-phonon scattering rates
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Electron-impurity scattering

* For 1 ionized impurity: L = Debye length
(Brooks-Herring model) r @ = screening length
e exp(-r/L )
Hel—imp:Ucoul(r):4ﬂ_8 ( r D) © LD:i: gszT
ds e n
exp(—r/Lp) accounts for screening effects due to other electrons n = electron density
k
N1 1 et 1 , S R
%Sm—imp(k’k)zvlmzhgz( 2 2)25(E_E) g=k'-k |k :‘k‘ Ak
+ 2
5% qZ:k’—k‘ =2k*(1-cos@)
elastic process E_E
* For Ni,, impurities: Njo = Ngo, V
Ndo e4 1
" _ p '
SeI—imp(k’k)_471_2?182 ) 212 5(E _E)
(a® +a?)
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Solving the BTE for device simulation

T -t S [ ()5, (RUR)a% - [ 1(R) s, (K%
1

Starting from an initial solution, we have all information needed to calculate the time evolution of
the distribution function f inside a device:

{ - probabilities per time unit S, (IZ,IZ’) of scattering from state k to state k'

- distribution of forces F, e.g. by solving Poisson's equation

. =
Boltzmann Poisson - -
Equation Equation

~—= 7

The BTE is a rather complicated integro-differential equation for f whose direct (deterministic)
solution is impracticable in device simulation

{ - simplifying approximations: drift-diffusion (DD) and hydro-dynamic (HD) approaches

- statistical solution: Monte Carlo methods (MC)
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The particle Monte Carlo method

¥~ Statistical solution: particle Monte Carlo method
o f (f, Iz,t) — assembly of individual particles
« 1 particle < (1), E(t)
* N particles allow us to reconstruct f (f', Iz,t)
— no complicated equation to solve

— same physical content as the deterministic solution
— suitable for device simulation

carrier trajectory:
succession of free fights
interrupted by
instantaneous scatterings

- - time of free flights t;
scattering rates A, (k) —p random selection of | —> - type of scattering i

- effect of scattering (4E, 6)

(Monte Carlo algorithm)
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The particle Monte Carlo method

1 particule is characterized at time t by (?, IZ)

Problem : determination of IZ(t) and T(t) under the action of forces and scattering events

/ the calculation of: \ requires / the knowledge of: \

dk(t ) 1d p(t) RS SN nothing on the material
dt A dt h
dr(t):v(t)zlaE — band structure E(IZ)
dt h ok
scatterings | E — E’ I

K - / Kscattering rates ii(IZ) /

A (IZ) = scattering rate of interaction process i

= probability per unit of time that an electron in state k scatters to any state k'
by an interaction process of type i

(K) J's (K,K") dK’
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Monte Carlo method: example of scattering rates (1)

Electron-phonon interaction by deformation potential coupling

* Acoustic intravalley scattering

-1

hay _kgT 1
— small energy and small wave vector phonon = Ny =| €Xp -1 —
kg T T ha, 2

— the exchange of energy is neglected (elastic approximation, E' = E)
and both emission and absorption are considered through the same process

2 2k 2 2
Sac(k1k,) kB-I; D 5(E' E) Wlth E(1+aE): h (kx + y +kZ J
4z PhV 2my| m,  m,  m,
Aac (E) = ISaC (IZ, IZ’) dk’ change of variables:

K>E6p  di=3(E0p)dEdodp
3/2 . , a2
J(Eﬁ,co):ﬁ(:l‘gj (1+2aE)\/MSin9(SIE] 9+C°; 9)
t I
7 (E) = [ (R ) 3 (E.0.0)dE G0y

V2 kgT
:ﬂphB4V2 migs D2 (1+2aE).E (1+aE)
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Monte Carlo method: example of scattering rates (2)

Electron-phonon interaction by deformation potential coupling

* Intervalley scattering (Z;, possible final valleys)
zero order process: D, = D,

+ : emission
h D} 1,17 n oo [ emissic
Siv, (K.K') =2, —— oha, [n0|+2 2}5(E—E+ha))  absorption

INGE ﬁﬂp 1 m%gsDg[nq+;iﬂ[l+2a(E$hw)]\/(Eiha))(1+a(E$ha)))

108 example: Si (T = 300K)
£ intravalley acoustic :
= I ] D,.=9eV
< 1012 g3 intervalley emission ___ D, = 3.4x108 eV/cm
3 v leemmTTTT E
i intervalley (A-A) phonons:
= I 91  hw, =114 meV
2 1011 L i
I g : : . 02 ho, =18.8meV
3 E ! g3 intervalley absorption — 93 haw, =632 meV
! 1 v )
Lo | : fl  ho, =21.9meV
0 005 01 015 02 025 03 ;2 ha, =46.3meV
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Monte Carlo method: flow chart

For the simulation during
a time t,, of a device

initial conditions, t; = 0

containing Ny, particules

t=t + At
|

possible injection of new particles

solution of the Poisson Equation

Monte Carlo simulation of particle
trajectories (N,) between t; and t;

calculation of quantities of interest

(Npart IS Ot constant)

At

t =t 7 Or
convergence
reached ?

END
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Monte Carlo method: selection of free-flight duration

1. Suppose Ay (E) = Zﬁ,i (E)=Const = 4,

Consider n. = population of electrons that have not experienced any collision since t = 0
(CF = Collision-Free)

Each electron having the same scattering rate A, the time rate of change of N is:

dnce
it ~doncg = Nep (1) =nce (0) exp(—4gt)
— The probability that an electron has a free flight (no collision) during the time t is therefore:
nce (t)
=exp(—Jgt)
nce (0)

— The probability that an electron suffers a collision during the time interval dt is:

Jo dt

= The probability that an electron suffers its first collision between t and t + dt is:

P(t)dt =exp(-Agt)x 4, dt
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Monte Carlo method: selection of free-flight duration

t
The probability that the free-fight time is less than t; is: | Ry = R(tf ): f P(t)dt
0

of course we have: R() =j P(t)dt=1
0

To select t; according to P(t)

=
To select a random number R; uniformly distributed

between 0 and 1, i.e. according to P, (R) =1

P.(R)dR=P(t)dt

Ry t
j dR:J- P(t)dt = Ry =1-exp(-Aot )
0 0

L In(R}) ,
ty =— i where Rf =1-R;
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Monte Carlo method: selection of free-flight duration

2. BUT ﬂtot(E):Z/li(E) is not constant

A
solution: we introduce a new interaction A
o . . A
——> fictitious interaction: self-scattering ASC(E) 0
E)+ A..(E)=Const = Ao
ﬂtot( )+ sc( )_ ons _ﬂO ﬂ,tot
» E

(if selected this interaction has no effect on the electron state)

P. Dollfus, 4th School of Simulation and Modelling Physics, Hanoi, 22-23 Dec. 2005 42




Monte Carlo method: selection of scattering event

* Type of scattering: after each free flight, the electron undergoes a scattering event

o 91 O Oi.1 G 1

— in this case the scattering process i is selected

C of which type ?
oty 5
ko (to) K (t Tt ) L, selection using a random number R uniformly

0T °f distributed between 0 and 1:
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Monte Carlo method: selection of scattering event
* Effect of selected scattering: deviation of the wave vector and possible energy exchange
t, - Ko (to +t, )
ko (to) (to an ) { in case the case of phonon process:E' = E £ 71y,
in the case of other processes: E'=E
2 (K) js (K,K") di = _U 5, (k.K,0,0)dk'sin@ d@ dg
J'_[ S, (E.E",0,0)3 (E.0,0)dE'sing dg dp = A( E)Jd@sm@jdgos(e o)
o,
| (‘93'403 Imgsm gj.d(pB g (p) selection of &; and ¢, with random numbers Ry,and R, :
0 0
.................................................................. (6,2
5 case of isotropic scattering: i & P(6s)= I((Szﬂ)) =Ry |54
! 1 T, LT
§{P(05):(1—0036?s)/2 {cos@s =1-2Ry | (Goo)
! = ; _ 51Ps
LPle)=ajer I B | AT I
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Transport Monte Carlo simulation

Velocity-Field characteristics in uniform material — Stationary transport
(equilibrium between perturbation and relaxation effects)

2107
— 70 _
2 1510 Cans
S
2 1107 o | Ve = 107 ci/s
o
g 5 106 Sl _
/0v | | | | |
H(Gans) ~7000cm*Ns | "9 5 19 15 20 25 30
M (Si) = 1500 cm?#/Vs Electric Field (kV/cm)

L, Extraction of intrinsic transport parameters
(mobility, relaxation times, saturation velocity,...)
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Device Monte Carlo simulation: particle trajectories
N-channel MOSFET
source gate drain
| /
red dots: electrons
geen dots: holes
N Possibility to make movies of particle motion in the working device
46
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Monte Carlo method: boundary conditions

Device = open system for which appropriate boundary conditions must be applied

1. Boundary conditions for the solution of Poisson's equation:

Vi . . . .
bias * on nodes adjacent to a metallic contact, the electrostatic potential

— isfixed: _
\ (lnode) :Vbias

«— *on other device boundaries, the normal component of the electric
field vanishes:

—— (0]
dx

E,

2. Conditions for carrier injection into the device:

V. * in the cells adjacent to the ohmic contacts, the thermal equilibrium

bias .
: / conditions are assumed to be recovered:

Nn=Np or p=Nj

before each new time step iteration, this condition is checked and

if necessary the appropriate number of electrons is injected. The
wave vector of injected carriers is randomly selected using Fermi or
(if non degenerate) Maxwell distribution.
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MOSFET architectures (N-channel)

Gate Oxide Gate
Source ﬁ Drain Source H Drain
[ I [ I

Np Np
SiO,
Na
|
Conventional Bulk MOSFET Single-Gate SOl MOSFET
Gate

Double-Gate

Source H Drain/ Triple-Gate Gate

Source Drain
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Study of nano-scaled DGMOS

LG =25nm QMG =4.46 eV
< > VDD =0.7V
T, =1.2nm SIO,
Tg; =10 nm = N, =
2x101% cm3
T, =1.2nm SiO,
Ls=25nm Lc =15nm Lp =25 nm
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Study of DGMOS: 1,-Vg characteristics

Current Iy (WA/um)

Drain characteristics for Lo =15 nm

For Lo =15 nm, 25 nm, 50 nm
Drain characteristics at Vgg = Vpp

=N
g o
o O
o O

Drain current 15 (LA/um)

0l ] 0
0O 01 02 03 04 05 06 0.7 0.8 0

Drain voltage V5 (V)

b b b b e e ]
0.1 02 0.3 04 05 0.6 0.7 0.8

Source-drain voltage Vg (V)
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Study of DGMOS: influence of gate length

potential energy along the channel (L = 15 nm)
= profile of the bottom of conduction band

0:‘ A

01- T 3Bc3d center
E : ‘\A/i ; y E
0.2° ONS ]

0.3 SI/SiO, interface \

0.4
05 E
060y —v o Zz07v 0N
0.7 PSS

AR R R RN RN FATEN RN RTETETIN NNE FATIE RATNAIN A
20 -10 O 10 20 30 40
Distance x along S-D (hm)

Conduction band (eV)

Effective channel Length: L. = 15 nm, 25 nm and 50 nm

Velocity along the channel (Vpg=0,7 V)

— 25107
I=

S 2107¢
Q .
D 15107
o L
o r
< 1107)
> L
Pan) of
Z 5108
o C
= :
> ot R B R A

[I—
-20 0 20 40 60

Distance x along Source-Drain direction (nm)

peak velocity > 2x107 cm/s
— greater than saturation velocity = 107 cm/s

= non stationary transport
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Study of DGMOS: velocity distribution
Lc =15 nm
Evolution along the channel ]
(electrons coming from the source) At the drain-end of the channel
—_ Frrr rrrrrrrr g A5106_|"'|"'|"'|"'
; F Source (x =-10 nm 1 ;
33107;— ( \) . §4106_ x=15nm mf
g =T ; n g ; Source injected
o nm - ]
SR S 3100} \ :
3 210 : 3 L Drain injected ]
s | <2105} _n ;
B 1107 g | oA ]
: 1108} J b
g r g : _r#"--f e \ E
Z 0 .: .. - d = 0 [ 1 ..’.. ] L i
-4 107 0 4107 -8107 -4107 0 4107 8107
Velocity v, along S-D (cm/s) Velocity v, along S-D (cm/s)
2 peaks corresponding to the velocity
of ballistic electrons with either
a transverse mass (m; = 0.19 m)
or a longitudinal mass (m; = 0.916 m,)
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Study of DGMOS: velocity distribution

L. =15nm
Ves = Vps = Vpp = 0.7V

At the drain-end of the channel,

The part of purely ballistic, one-scattered and twice-scattered electrons:

El .

< 2104 x=15nm -

8 4

o

8 - Ballistic g

[<5) L ]

5 1104C m. 1 scatt. .

— L | 4

32 : JZ scatt.

E O 1 \ -~ ]

> L ’ \

zZ C -,I R ’ \\
0100 e L Nemstmnm e =227 Y

0 210" 4107 6107 8107
Velocity v, along S-D (cm/s)

— ballistic electrons form a large part of the velocity peaks in the distribution
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Study of DGMOS: ballisticity

Vs = Vps = Vpp = 0.7V

B, = fraction of ballistic electrons (in %)

100 ‘i\ T T T T T ‘ T T T ‘ T T T /o\ 100 L T T T T
S drain end SN
A T _y - £ 80 " ]
E ]‘57-: Vgs = Vps = 0.7V ] g .
[ s 60~ - N .
L = C \
(«B) . u _ = i \
5 1/ ok IO T 40 \ ;
[ :1 Eoa -l — o r 1
S oL, e L K 1
g ;.:, 00 nm é) 20 -\ /, _
. h— [ V4
H 0.1“ ;L%\n\nﬁ\' TR VR R TH N S R E O ] — ‘s_‘_‘_" — — [;j
0 10 20 30 40 50 60 0 50 100 150 200
Number of scatterings Channel length L, (nm)

The ballisticity is becoming strong in nano-MOSFET

& | what about the validity of the approximation of semi-classical transport ?

(coherent transport, tunneling, quantum reflection,...?)
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Structure of Carbon nanotubes

Rolling of a graphene sheet =P  Carbon nanotube (CNT)

= Here,

we study electron transportin :

< Single Wall

& Zigzag (n,0)

& Semiconducting n # 3p

< Index n ranging from 10 to 59

RO :
IS
ok e |y
NS |
OO0 %oty ) 5

A CNT is characterized by (n,m) 05‘ e ]

10 20 30 40 50 60

Tube Index, n
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Conduction Band Structure of CNTs

= 2n subbands
= 2 equivalent valleys centered
on 2 graphene K points

e.g.for | n=10 ~
3 T £ 035
r S E
3 ] ® 03f
_ subbands 3 ] £025 0
> 2 . - g
) [ ] EH 02:
> E subbands 2 1 - g
o ] S 0.15¢
2 10 E < g
Y7L subband / N, | 2 04
- subbands 1 T 2 005!
O’HH\HH\HHMH‘Mr‘g‘m”f E 0f . \ \ ‘
3100 -210°9-110° O 110° 2109 3109 w10 20 30 40 50 60
Wave Vector (m?) Wrapping Index, n

The three first subbands
of each valley are considered
in the calculation for all CNTs
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Stationary transport

= Velocity-Field characteristics (T = 300 K) (n-1 = 3p)

108
5 107 e 7
- ) - -3
£ ;
s 10°- ——n=10:
R T ——n=22[
S 105 ——n=34{
g T n=49)
0 : --+--n =58
04 T B A A AT S S A1 B S SR T B R AT

0.001 0.01 0.1 1 10 100
Electric Field (k\V/cm)

Maximum Stationary Velocity :

Voo = 3.43x107cm/s for n = 10

Maximum Low-Field Mobility :

W =4x10% cm?/Vs for n = 10
u=1.41x10° cm?/Vs for n = 58
(1 = 1500 cm?/Vs for Si)
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Transient behaviour
E A
» Response to a step field
. = Time evolution of average electron velocity
t=0 Time t
n =34, E =60 kV/cm
- 100
— ] %)
£ ] c
S 180 &
) : Y]
> Subbands 1 | 60 =3
e g
S410H e 140 5
s N ] =
=) 1071' Subbands 2 - 20 E
o i Subbands 3 | S
oL A S =
0 0.1 0.2 0.3 0.4
Time (ps)
High Velocity Overshoot : vpeak = 7.8x10’ cm/s for n = 34
vstat = 3.8x107 cm/s
58
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Transient behaviour

» Fraction of ballistic electrons as a function of CNT length

S 100 S 100 S
(%2) 2 i

§ 80 L S 8ol E=6kV/cm
°© i 0 i

= ) = I

g 60 - .g 60 -

B i B i

= 40 = 40

o] i o) i

S I n=10 S I

c 20 - si 2 20 |

2 i N =

8 0L RS \ 2 \ Lo

T T

L1 L L L 1 0 T AR BN LT ]
0 50 100 150 200 250 300 0 50 100 150 200 250 300 350
NTC Length (nm) NTC Length (nm)

The ballistic transport is strongly dependent :
& the CNT diameter (effective masses)
< the Electric Field (occurring of intervalley scattering)
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Electron transport in semiconductor nanodevices

Contents

First part: 1. From the crystal to the transport equation

2. Classical transport: the Boltzmann transport equation
* distribution Function and transport equation
* Scattering
* Solution: the particle Monte Carlo method
* Examples of applications: MOSFET, CNT

Second part: 3. Quantum transport: the Wigner transport equation

* Wigner function and transport equation
* Solution: the particle Monte Carlo method
* Examples of applications: RTD

Third part: 4. Coulomb blocade in conducting island: principle
[5. Electronic structure of semiconductor quantum dot]

6. Single electron tunneling: 1-V characteristics
* Tunnel transfer hamiltonian
* Metallic vs Semiconductor quantum dot
* Monte Carlo simulation — Examples: MISilM
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Electron transport in semiconductor nanodevices

3. Quantum transport:
The Wigner Transport Equation

The Wigner formalism of quantum transport is based on a function defined in a (r,p) phase space
in strong analogy with the classical description of transport.

& 1t looks very appropriate to deal with space-dependent problems (device simulation)
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The Wigner Function

|

- Semi-classical picture: electrons are described by specifying the distribution function

- Quantum mechanical picture: the phase relationship between the different states

must be specified
for an electron with the wave function Z Ay ‘ k>

k
the density matrix is defined as  p(k, k') = a ay:
(in semi-classical approach, assuming the phase relaxation length to be very short,
f (k) is given by the diagonal elements of p(k,K) )

For any operator : <j4> =Tr (p}l)

Elementary definition of the Wigner function for an electron described by the wave function

y/(r,t) normalized to 1 in the volume V of interest:

f, (r.k,t)= (21)3 .dr'exp(—i kK-r')(r+r'/2|p(t)|r-r'/2)
= (21)3 [dr exp(—ik-r)y(r+r/2,t)y*(r-r'/2,t)
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Some properties of the Wigner Function

* with this definition, we have: _U f, (r,k)dkdr=1

* For an N particle system, we have: J:“N f (r, k)]dk dr=N

& Nxf,, can be compared with the occupation number of quantum state k

* Particle density in real and reciprocal space

jfw(r,k)dk :\W(r)\z =n(r)

[ exp(-ik-(r, =) (1) # ()

jfw(r,k)dr ==
2r

=[@ (k) =n(k)

* Mean value of an operator 4 over a statistical ensemble

</‘Zl> =Tr(pA)= Idrljdrz <r1 \fl\ I’2><I’2 \5”><5”\I’1> using the |r) representation

change in average r and relative r' position:
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Some properties of the Wigner Function

= Jdr'[dr’ A(r=r'/2,r+r'/2)¥(r+r'/2)¥*(r-r'/2)

introduction of 5(r’ — r”) to recover the Wigner function:

(A)= [dr .dr'ﬂ(r—r’/z,r+r'/2) .dr"5(r’—r”)sV(r+r”/2)‘}’*(r—r”/2)

(a)=|dr .dr';l(r—r'/z r+r’/2) |dr" /5(r’—r”)

jdrjdk;z (r.k) £, (r.K) -
/'le(r,k):_"dr’ exp(—ik-r') a(r-r'/2,r+r'/2)

(Weyl-Wigner transform of 7)

= Strong analogy between the Wigner function and the classical distribution function
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Some properties of the Wigner Function

If 4is only r dependent : )=(r|Alr)
jdrjdk}l fW(r,k)

If 4 is only k dependent : %l < \ﬂl\

jdrjdkﬂ W (F.K)

= Complete analogy between the Wigner function and the classical distribution function

However, the Wigner function is not a distribution function (or a probability density) !

- it may assume negative values
- it would be in contradiction with the Heisenberg inequalities

(it is just mathematically used as a distribution function)
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Dynamical equation of the Wigner Function

fw(r,k,t)=(2ﬂ)3Iexp(—ik-r’)yx(r+r'/2,t)y/*(r—r’/z,t)dr
by differentiating with respect to t
and using the Schrodinger equation
61: 1 ¥ ] - N\ - a ! /
atW el dr exp(—lk-r)|hat[z//(r+r/2,t)y/*(r—r/z,t)]
(27)
=(271[)3 ..dr' exp(—ik-r')[(Hy (r+r/2,t))w*(r-r/2,t)

—y/(r+r’/2,t)(Hy/*(r—r’/Z,t))]

2
where H :—thVZ +V(r): H, +V(r)

with V(r) a general potential applied to the electron

We consider separately the effect of free electron term H, and of the potential V(r)

P. Dollfus, 4th School of Simulation and Modelling Physics, Hanoi, 22-23 Dec. 2005 66




Dynamical equation of the Wigner Function

* free electron term (H = H,)

i Ot _ (271[)3 J‘dr' exp(-ik-r') H—vazv/(rJrr'/Z,t)j w*(r-r/2,t)

ot
—w (r+r'/2,t) (—Z;Vzw*(r—r’/&t)ﬂ

»”

2m (27)°

(—ik-r)2V'[(Vy (r+r/2,t))y*(r-r/2,t)

~y (r+r/2,t) (Vy*(r-r/2,1))]
(where V' — derivation with respect to r')

integration by parts, assuming the wave function and its derivative to vanish at infinity, leads to:

of, . n
—r=——k- —ikK-r)V{g(r+r/2,t)w*(r-r'/2,t)|=—— k-Vf
A Gy | O R ) VI (e 2O (ror2.0] == e,
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Dynamical equation of the Wigner Function

* term including the effect of potential V(r)
5aftw ! = (271[)3 J.dr' exp(—ik-r')[V(r+r/2)w(r+r'/2,t)y>(r-r'/2,t)
—p (r+r'/2,0)V(r—r/2)y*(r-r'/2,1)]
(-ik-r')[V(r+r/2)-V (r-r'/2)]
x[w(r+r/2,t)y*(r-r'/2,t)]

inserting the plane wave representation of the d function leads to:

i

_(27z3

Idk’ (rk-k')f,(r.k)

where V,, (1, k) =

Ih(zﬂ Idr exp(—ik-r')[V(r+r'/2)-V (r-r'/2)]

is the Wigner potential
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Dynamical equation of the Wigner Function

by including the free electron term, we have finally:

of,
—* —ka dk' V,, (r,k -k’ r,K'
. ) f (1K)

Wigner Transport Equation (WTE)

— Dynamical equation for ballistic electrons moving in the potential V(r)

S[v] f,, (r.k) jdk’ (r.k—k)f, (r,k)

is the quantum evolution term of the Wigner function

Next steps:
* transforming the Wigner potential to see better the connection with BTE

* introduction of scatterings (collisions)
* solution of BTE for device simulation
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Connection between Wigner TE and Boltzmann TE

The Wigner potential writes:

Vw(r’p)_ (

"exp(-ik-r") By, (r,r')
r+r/2)-V(r-r'/2)
—-VV (r)-(£r'/2)
B, (r,r')=V, (r,r')=V_(r,r)
S B, (r,r)=8,(r,r)+VV(r)-r
. ——
|h(27z J.dr exp(-ik-r") B, (r,r') -F

and given that - jdr exp(—ik-r')VV(r)-r’ (ZZ)

(
Gradient expansion of the potential V: ; (r,r')=V(r£r'/2)
)

by defining\7 (r,p)=

w

vV 5'(K)
— we can separate the effect of the classical force F from quantum effects:

Idk' (rk-k')f, (rk)——;F V£, +Jdk' v, (rk—K')f, (k)
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Connection between Wigner TE and Boltzmann TE

Finally, the WTE writes:

of, 1 . : '
a{N—i_m k'Vrfw'i'hF'kaW:J‘dk VW(r’k_k)fW(r’k)

compared with the BTE:

ﬂ.,.ﬁ K-V, f _|_:I'|:.Vk f=0 (without collision term)
h

e N\

classical evolution guantum evolution
of h 1 l A l
8tw+m K-V fy _£VVS|OW Vi fy=Q |:Vrapid :| fu
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Scattering in the Wigner Transport Equation

The simple method: instantaneous perturbation process

— Boltzmann collision operator C it operates on the Wigner function f,
¢ f, :ZU £, (rk) 1= f, (r.k)]S; (K'k) dk’
i
_J' £, (rk)[L-f, (r.k)]s, (k,k’)dk’}

where S, (K,k') =2; K| H; k)P o 5(E'~E)

% (/aéftw-l-r]:l] k'VrfW‘F;—lF'kaw:Q’\fW"'CAfW

Strong analogy between BTE and WTE

= posibility of using the same numerical technique
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Wigner Function and Green Functions

f, =—ihGS
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Monte Carlo solution of the WTE

af h ," '
Y By v, 1, J'dk (rk—k')f, (r,k")

ldea : representing the Wigner fonction f, as a sum of Dirac excitations
in r et k, with an amplitude A (affinity) which changes

fW(r,k):Zé(r—n)é(k—ki)Ai

I, — classical evolution
* pseudo-particule i characterized by : < k. — classical evolution

A, — quantum evolution
The A, may be negative

* classical limit : A, =1 ("real" particule)

= We can use the standard Monte Carlo algorithm,
by including the evolution of affinities

d
In a cell c(r,k) : Z d'? Q[Vrap|d:| fu (1K)

iec(rk)
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Interaction of a wave packet on a square barrier

Schrédinger 's equation:
1108 : . 1108 ; ; 1108 : ;
55107_ _§51O7_ _§5107_ 4
3 3 E
0 I l 0 I /\ 0 I I
0 40 80 120 0 40 80 120 0 40 80 120
X (nm) x (nm) x (nm)
Wigner's equation:
1108 : 1108 : : 1108 : :
§51O7_ B §5107 N §5107_ 4
= = =
0 1 I 0 1 /)“:\\ 0 I 1
0 40 80 120 0 40 80 120 0 40 80 120
X (nm) X (nm) x (nm)
t=20fs t=40"fs t=80fs
= Very good description of quantum effects using the Wigner's equation
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GaAs/GaAlAs Resonant Tunneling Diode (RTD)

N, =10"atcm™ N, =10"atcm™

N, =10"atcm™

X (nm)

< >« >« >
) 60nm ) 3nm_ - 3nm h 60nm ]
9.5nm 5nm 9.5nm
0.3 On-resonance (V =0.3V)
. E R I L B
0.1 i
s O i
L -01F
u’ -0.2 ]
-04 ¢
0.5 E
0 50 100 150
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-V Characteristics

* Ballistic limit (no scattering)
* Comparison with Non-Equilibrium Green Function calculation

310° .

E - | —e—Wigner 3
< o000 T NEGF i ]
> :

2 - : :
A :

- 110°9¢C ]
3 ]
5 L ,
O g

0 L=- \ \

L TR T TN SO N R TR S AN R I I
0 0.1 0.2 0.3 0.4 0.5
Bias Voltage (V)
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Electron Density

——Resonance (V=0.3V)
""" Off-resonance (V=0.475V)

[ BN
o
N
N

1023

Electron Densitty (cm)

0 50 100 150
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Effect of scattering

310%
—~ B . s
T | --e--scattering T peak
< - | —=—ballistic
S 210°¢ h
b L
= g ]
[
q’ | -
B 1100 o
S i |
E * E Ivalley
O i
05 | | .

RN R R R R SR B R SR R
0 0.1 0.2 0.3 0.4 0.5
Bias Voltage (V)

Scattering = reduction of Peak-to-Valley Ratio Ipeak/Ivalley
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Transport in semiconductor nanodevices

Third part: Semiconductor quantum dots and Coulomb blockade
for single-electron devices

4. Coulomb blockade in conducting island: principle
5. Electronic structure of semiconductor quantum dot
6. Single electron tunneling: 1-V characteristics

* Tunnel transfer hamiltonian

* Metallic vs Semiconductor quantum dot
* Monte Carlo simulation — Example: MISilM

Gate
Source (R D
| N — |
N OOOO[N
Sio,
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4. Coulomb blockade in conducting island: principle

P. Dollfus, 4th School of Simulation and Modelling Physics, Hanoi, 22-23 Dec. 2005
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The quantum capacitor

* Classical capacitor: insulator Q=C-V ;
'/ Displacement Current: | (t)= d(:
(no charge flow through the insulator)
+Q —Q Electrostatic energy in the capacitor:
< Q2
E- I t)dt =
2C
* 1 . 3
Quantum capacitor: insulator e —
—T=0K
T e2Cak T /
T > kg T _2e f| T etc(k T
(&
le e -
tunnel Junctlon |sland /
e’ 18 J ‘
E>kBT:>C<1O F=1aF 0 v V2 """"""""""""" v
. q T Voltage
—nanometer islan Coulomb blockade
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The double tunnel junction structure

island (or quantum dot) weakly coupled to to two leads to an external circuit via 2 tunnel junctions

tunnel oxide quantum dot = control of the current electron by electron
\
!
i ; ’
| !
tunnel junction J, tunnel junction J, Tunnel Junction

(Cl’ Rtl) \ island / (CZ’ RtZ)

] —=
~ / \

= = +

Resistance

apacitance
and/or
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The principle of Coulomb blockade

Basic structure: The double tunnel junction
— conducting island weakly coupled to to 2 leads (external circuit)
via 2 tunnel junctions
tunnel junctionJ, . tunnel junction J,
. — island
tunnel oxide conducting island (C, R) \ / (C’, R ,)
—\ l t
4 [
T ] '_‘ ()
k. \_V
2
Charging energy : Eg, = (e: (additional energy in the island for 1 additional electron)
z
] ] where C, =C +C'
E
”2 Coulomb blockade effect may occur if :
e & )
E C E’
f E = f £ > KkgT
fo Cy
= C, <10 F=1aF | (300K)
V=0 = nanometer island
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The principle of Coulomb blockade

Basic structure: The double tunnel junction
— conducting island weakly coupled to to 2 leads (external circuit)
via 2 tunnel junctions
tunnel junction J, i<land tunnel junction J,
tunnel oxide conducting island (C, R) \ | / (C’, Rt’)
\ [l
\ i .
B | p -
by NV,
2
Charging energy : Eg, = g (additional energy in the island for 1 additional electron)
z
- - — _
=
e2 Ky 2
S R ; o g tev< &
E; C, E} E; lc; Tl .
Eto
V=0 V < &
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The principle of Coulomb blockade

Basic structure: The double tunnel junction
— conducting island weakly coupled to to 2 leads (external circuit)
via 2 tunnel junctions
tunnel junction J, i<land tunnel junction J,
tunnel oxide conducting island (C, R) \ | / (C’, Rt’)
\ [
\ i ‘
B | p -
by NIy,
2
Charging energy : Eg, = (e: (additional energy in the island for 1 additional electron)
z
Et1
2
S VN , S " 2
E¢ Cy = E¢ I ov = &
Eto ! Cs
E%
V=0
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The MIMIM structure: electrical modelling

Basic equations:

P SR Q+Q-Q, =0
(Cu Ru) (C2 Re2) Q=-ne
+Q1m (3 m -Q Q=CM - V1= (CVene)/C
Q, =GV, V, =(C,V —ne)/Cy
(N V=V, +V,
AV o
Basic idea:
Calculation of the total energy E of the system: @ a single electron tunneling through
E-E. +W J; or J, is possible only if it leads to
P a lower total energy
potential (electrostatic) work done by the
energy voltage source

* Potential energy:
2 2 2 2
C,V;" G,V
IS I AV A

i.e. with Coe=C; +Cy:

p = =
2C, 2C, 2 2
E ! C,C,V?
P=oc C. 1 GV +(n e)
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The MIMIM structure: electrical modelling

* Work done by the source:

IV t)dt=V AQ with V (t)=V =Const

: . n=n-n
— tunneling out the island via J,: | J, = resistance 12

Ny n,
(n,>n,+1=n—-n-1) J; = capacitance /_\' /_\'
[—e—l
n

Ceq A
e C < <
AN _—C—:>AQ1 =—eci1
eq eq

The voltage source compensate this charge variation by providing 4Q,
For n, electrons the source provide the work:

Ceq

— tunneling in the island via J: J; = resistance
J, = capacitance

For n, electrons the source provide the work:

W, _—egznlv

eq
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The MIMIM structure: electrical modelling

* Total energy: Finally, E :1[C1C2V2+(ne)2}+ev (n,C,+n,Cy)
2C,, Ceq
* Possible transitions:
— Junction 2: n,—>n+l = non-1 = 4E, = 2;[—(2n ~1)e+2VCy |

eq

n,on-1 = non+l = AEn2_1=22[+(2n—1)e—2V01]
eq

Ssdunctionl:  m o+l = non+l = AEn1+1=22[+(2n+1)e+2VC2]
eq

non-1 = non-1l = AEnl_lzzg[—(Zn—l)e—ZVCZJ
eq

Threshold voltages: AE, 1 <0 =]V <(2n-1)e/2C
(4AE<0) AE, ;<0 = |V >(2n+1)e/2C,
AE, 1 <0 = |V <—(2n+1)e/2C,
AE, ;<0 = |V <—(2n-1)e/2C,
*Forn = 0: n,—n, + 1 n,—n, -1 Coulomb blockade for:
n,—->n,+1 n,—->n,-1 e
2 2 | Coulomblblockade I 2 2 . V<V, =oc
—e/2C e/2C
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The MIMIM structure: electrical modelling

* For any n value:

Possible transitions in a MIMIM structureat T=0K

Number of electrons in the island

Number of electrons in the island

43 2 1 0 1 2 3 40 el 403 2 1 0 1 2 3 470 M-

Voltage V (e/C,) Voltage V (e/C,)
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The Single Electron Transistor (SET)

Vo R M
Qi._CG Q=Q,-Q-Q
v Ty, Q=-ne+q, = e )_$ eV
+Q ° -Q, Q =CM : éz =t %
Cu Ry Q Ca R, % =Gl 2
Q Qs =C¢ (VGS _VZ)
UVDS Vps =V, +V,

The gate electrode allows controlling
the Fermi level in the dot

| 4 €

Ce

IBIHEIAN

P. Dollfus, 4th School of Simulation and Modelling Physics, Hanoi, 22-23 Dec. 2005

Third part: Semiconductor quantum dots and Coulomb blockade
for single-electron devices

4. Coulomb blockade in conducting island: principle
5. Electronic structure of semiconductor quantum dot
6. Single electron tunneling: 1-V characteristics

* Tunnel transfer hamiltonian

* Metallic vs Semiconductor quantum dot
* Monte Carlo simulation — Example: MISiIM

Gate
Source (R D
| |
N OOOO[N
SiO,
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Calculation of QD electronic structure

The problem : small number of electrons in a small SC QD

— nanometer size in semiconductor : quantization effect
— Shrddinger equation is to be solved

— few electrons : Fermi statistics does not apply
— electostatic interaction is to be included properly

Hamiltonian:
N N N
Y D Vo P va
con 1as
i1 2m i=1 247[8‘90|1i1Hr F
j#i

Kinetic energy  confinement potential  interaction between electrons bias potential

Schrédinger Equation:

HY (R, G, .fIy)=E¥(R,5,..T)

& | Problem similar to the case of atoms
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Electronic structure: Numerical techniques

The simplest case: Va
V,=3.1eV
- spherical quantum dot BV €
- 1 electron _ _
- no bias S Sio,
(1 R r
{—Zv [mvr}vcom (r)} v (r)=E ¥ (r)

spherical symmetry — spherical harmonics

F’. LJUITTUS, 4L 1 SUIUUL Ul SHTIUIALIULT dllU IVIDUETHTY FIHYSIUS, Mdllul, ££-£49 DEL. LUUD 4




Electronic structure: Numerical techniques

The simplest case: Va
) V,=3.1eV
- spherical quantumdot R
- 1 electron _ _
- no bias S Sio,
(1 R r
|:_2vr'(mvr)+vconf (7)} 5U(r):ESU(rP)

1st energy level

1l L L B 6\
r S
i ] RS
0.8 —— Exact calculation ] S i
< N | Numerical calculation| ] B
(<3} [
~— >
> L
> [}
2 3 ——Exact
W T N Numerical
Z 10% - umerica
3 g
E L
> [ H
(%'10-5 o b b b b b b R by
0 05 1 15 2 25 3 35 4
Dot Radius, R (nm) Radial position in the dot, r (nm)
possible application: basis functions for Hartree-Fock
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Electronic structure: Numerical techniques

The general case: approximations are required to solve the Schrédinger Eq.

[* The Hatree method ]

- easy to implement
- w. function is not antisymetrig
v (T ) =y (w2 () v (W) (correlations not included)
- should be limited to N = 2

* The Hatree-Fock method

vi(h) va(B) - va(W)| - correct approach for any N
1 wo(R) wy(fh) - wy(Fy)| | -w. function isantisymetric
l//(Tl,T'Z,...,FN):\/m (correlations included)
(Slater determinant) v (B) wy(B) - wa(fy) difficult to implement

[* The Density Functional Theory (DFT) ] - rigorous for any N
- correlations included
- less information given:
only total energy
no wave function
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It assumes the system can be fully described
by the electron density




Electronic structure: Hartree method

Hartree :  y (1,0, Ty ) =1 (R)w2 () wy ()

1 equation for each electron:  H; y; = E; y;

with: H; = p—'z +Veont (Ti ) +Vinter (Fi ) (no bias)

2m

Vinter, represents the interaction of electron i with the rest of the electronic cloud of density p;

N
pi(r):_ezl//j (r)z and §(550 vVinte.ri)=e,0i
j=0

j=i

N
L/ o e 2
system of coupled V(gvvinten ) - £, 2 : Vi (T’)‘
Poisson / Schrodinger 2 =
| P+ (Voo +V —E
equations om Vi conf T Vinter, | ¥i = Ei Vi
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Electronic structure: results of Hartree

For a discrete number of electrons N, the chemical potential 4 (N ) is defined as
the variation of total energy resulting from one additional electron:
_0Eror _E(N)-E(N-1)

y(N)— oN = N—(N—l) :E(N)_E(N_l)

spherical quantum dot

Chemical Potential as a function of QD radius Va
forN=1toN=15 Vy=3.1eV

N

v

(including the difference in effective
] mass and dielectric constant between
- 1s ‘ : Siand SiO,)

1 / 2 3 4 5 6
N =1 Quantum Dot Radius, R (nm)

Chemical Potential (eV)
o =
o o1 | o1 N o1 w
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Electronic structure: results of Hartree

For a discrete number of electrons N, the chemical potential x(N ) is defined as
the variation of total energy resulting from one additional electron:
OBror E(N)_ E(N _l)

IU(N): oN = N—(N—l) :E(N)_E(N_l)

spherical quantum dot

Chemical Potential as a function of QD radius
forN=1toN=15

N

* The 12 first electrons occupy the 1s orbital
(6-fold degeneracy of Si conduction band
and 2-fold spin degeneracy)

Chemical Potential (eV)
o =
o o1 - (6)] N (6)] w

! / 2 3 4 5 6 * The other electrons start to fill the 2p orbital
N =1 Quantum Dot Radius, R (nm)
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Electronic structure: results of Hartree

For a discrete number of electrons N, the chemical potential (N ) is defined as
the variation of total energy resulting from one additional electron:
_0Eror _E(N)-E(N-1)

ﬂ(N)_ oN = N—(N—l) :E(N)_E(N_l)

spherical quantum dot

Chemical Potential as a function of QD radius Electron Density
forN=1toN=15 forR=3nm
3 L L L T T 0'257““\“"\“"\‘“‘\““\““!““\““
< ] —~ r  15electrons R
30/ 25 F mE 02C Si SIO2 ]
o= L H
[1+1 S—r L
€ ? 2 015F 12 electrons ]
5 15 o
e O 0.1} 5electrons ]
S 1rF S
§ o5 7 8 0.05- 1electron ]
(@) r1s 5 w - T
] S e e e OO0 b e DN ]
1 2 3 4 5 6 0 05 1 15 2 25 3 35 4
Quantum Dot Radius, R (nm) Radial Position in the dot (nm)
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Electronic structure: Comparison Hartree / DFT

Validation of the Hartree method by comparison with Density Functional theory

DFT calculation : Kohn & Sham equations within Local Density Approximation (LDA)

* Total electron energy and density in the dot for the fundamental state
— < * Correct for any number of electrons
* No information on the wave function (strictly speaking)

Chemical Potential as a function of QD radius [Sée et al., J. Appl. Phys. 92 (2002) 3141-3146 ]
forN=1toN=15

———  Hartree
----- DFT/LDA

N

&~ Excellent agreement

Chemical Potential (eV)
H
o o1 - (6)] N (6)] w

|l o o o o o
L / /

0. : ..
= ¢~ The Hartree approximation is acceptable
T s e e e
2 3 4 5 6
Quantum Dot Radius, R (nm)
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Validity of effective mass approximation

¢~ Calculation of the first levels in Si-NC using 2 approaches :
— effective mass approximation (DFT)
— tight binding calculation (LCAO)

Effective Mass

[Sée et al., Phys. Rev. B 66 (2002) 193307]

+ LCAO
. =
[ +
3
> L +
L
5 2 + .
e I k
H L £
dangling bonds saturated with H atoms 0 05 1 1.5 2 25 3 3.5

QD Radius (A)

&> The effective mass approximation is correct for R > 1.5 nm
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Electronic Structure: Density of States

SijHa (r~ 4.8 A) Bulk Si
1 ;
0.8 fvee ll CH G e 1 SR S e i SRS s 1)

>
< 06 1
g | |
= B i
o 04 | | ﬁ
> 0 | ” i)
3 | | i
o 0.2 [
) : ¥ 3 ’\

0 r I | } \ ‘ | L

-12 -8 -4 0 4 8 12
Energy (eV)
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Electronic Structure: Density of States
SigsHes, (F ~ 19 A) Bulk Si
1
08 +
> i
— 06 |
o e
2 B
s 04
2 i
&) L
J<5)
(@)
Energy (eV)
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Electronic structure: Effect of bias (method)

For a biased quantum dot :

N 2 N 1 1 L&, 2
H=) 1 Ev E E
il ' i=1 ot 24re i3 i=1 Hﬁ—er
j#i

bias potential

Vias €an be obtained from the
following Poisson's equation:

v (5 £oVVyias ) =0

Bias potential (eV)
f=
7

0.2~
Vi (X=0,¥,2)=0
0.1+ with bias ( y )
68 I Vbias (X:L, y,Z):V
Y (A) — all goes as if electrons evolve in a
-60 -60 . .
new effective potential V ¢ + Vyias
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Electronic structure: Effect of bias (result)
Energy level and maximum number of electrons stored in the dot
R=6 0.8 | - 1 electron | Fermi level in °
=onm 0.7 || ™ 2electrons left contact
" [ —e— 3electrons A
S 0.6 1| — 4electrons 7 -4 g
@ C Number of stored electrons////‘b 3
5 05| i i
% B T 3 g
5 0471 et Q
= i // _O‘
Tcg 0.3 % 3
é : /././/.Vﬁ T 2 @
S Ji ) e @D
© 0.1 1 Fermi level in S
T right contact T1°
0 ./uu, I 1 /// 1 I 1
-0.1-¢ 0
0 0.2 0.4 0.6 0.8
Bias voltage (V)
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Electronic structure: Effect of bias (results)

R=6nnm

Influence of bias on the density (wave function) in the dot

V=0

Example: electron density for 1 electron in the dot

V=02V

V=06V

| %103 nm-3

195
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Electronic structure: Effect of bias (results)
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Third part: Semiconductor quantum dots and Coulomb blockade
for single-electron devices

4. Coulomb blockade in conducting island: principle
5. Electronic structure of semiconductor quantum dot
6. Single electron tunneling: 1-V characteristics

* Tunnel transfer hamiltonian

* Metallic vs Semiconductor quantum dot
* Monte Carlo simulation — Example: MISiIM

Gate
Source (R D
| |
N OOOO[N
SiO,
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Single electron tunneling through a single barrier

* 1st method: (Schrodinger equation)
- calculation of the eigen states of the system
- transmission coefficient and probability current

P. Dollfus, 4th School of Simulation and Modelling Physics, Hanoi, 22-23 Dec. 2005
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Single electron tunneling through a single barrier

Solution of Schrddinger equation for a 1D barrier

t=0.13fs

Faosition {nrm)
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Single-electron tunneling

Tunnel Hamiltonian — Perturbative technique

d

./\'TP“/\"E

\ barrier of weak transparency %
@ which can be considered %
as a perturbation

7 Hy

('
N

/:P\
¥

left side right side
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Single-electron tunneling

Tunnel Hamiltonian — Perturbative technique

d

./\'TP“/\"E

Q barrier of weak transparency Y %
@ which can be considered %
as a perturbation
=

Fermi golden rule:

Probability per unit of time for an electron to have a tunnel event
from a state k,_ of the left side to a state k; of the right side:

27 2
52rkﬁkR :?KkR [Hr k)" oL (EL) pr (Er) fL(EL)[1- fr (Er) ] 6(Eg —EL ) dE_ dEg
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Single-electron tunneling
Tunnel Hamiltonian — Perturbative technique
/ ln = =€ [ Lr =L RosL |
=)
Av _—— = _—/_\__ — E
2 27T 12
o FkL—>kR :h M\ PL (EL)PR (ER) fL (EL)[]'_ fr (ER)] 5(ER - EL) dE, dEg

Total probability per unit of time: 77 g5 :JlészL_)kD
2 2
T = [ 7 ke Fe [k £ (E) g (E) fu (E) [2- o (E)] dE

Matrix element (Bardeen):

h? Qe — 1 ~
M = (kg [Hy kL>:zjj[WL[MB] 1VWR_WR[MB] 1VWL]dS
Sg

surface of the barrier

[J. Sée, PhD thesis, University Paris 11 (2003) ; Sée et al., to be published in IEEE-ED]
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Single-electron tunneling

L—)Dot Dot—)R

& 7 6%

metal metal

insulator
tunnel junction

number of free

27, o / places on the level
Felec—>dot = ZM ‘ Pelec (E) felec (E) Idot (E)
h number of electrons

/ on the level

2
I jotelec = ZEM ‘2 elec [1 felec )] J ot (E)

l—l— Hartree wave functions

insulator
tunnel junction

M = <kdot ‘ Hy ‘kelec> jj[Welec v Ydot — Wdot v V/elec] ds
SB T analytical expression
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Current: approximation of the tunnel resistance

Equations of the previous slide yield:

I =—e? M ‘2 pL(E)p: (E)[fL(E)-fr (E)]dE
1
where fL/R(E)= f(E_EFL/R)= _
1+exp [F“R j
ke T
* Approximation of low temperature: B

— Fermi functions are step functions

2

|~el ‘M‘ZPL(E)PR(E) dE ,
hJeq Pr (E) = const = pp

* Approximation of low bias voltage: —eV = Ep —Eg weak =1 o (E)~const=p_

M |* = const

where | R, = f

v
R, 27 e’ Pr, AL, M \2

Is the tunnel resistance (hard approximation)
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MIM structure: decomposition in 2 hamiltonians

y “V(X)
V(x)=V, +V = 2m
(x)=Vo d\Vg/ IV =3 (E-W)
2m
Vbar a= T(VO_E)
h
Vg poeeee 2m
L, > : I ks = hT(E_VS)
V, :
LR —> 0 R i' """""""""" R
-d/2 0 d/2 . X
Left electrode Yi % Right electrode
a vV, (X}\ AVR (X) !
Vo vie b T t
‘4""'\//2 Vbar
+ < LR >
B LL R R : A 4
A
A2 0 X 0 di2 X
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MIM structure: wave functions
X
WKB approximation in the barrier:  y (x)~y (0) exp[—j\/(Zm/hz)(V (x)-E) dx’J
0
if —(L_+d/2)<x<-d/2
A sin[ k (x+L, +d/2)] if —d/2<x<0
_ 0 2d 1 X 3/2 [ 1 }3/2
sin|k,L, [exp| —a— —V +V,-E —-|-=V+V,-E
A sinf[k L, Jexp N N, -E [d 0 } 2 0
v (x)= - 2/
: 2d 1 32 1
sin|k,L, [exp| —a— Vo-E[""—-|-=V+V,-E
Asinlll Joup| a5 | o - }H
0\ if 0<x
otherwise
N 2 2
normalisation: |A[[ |, =-—
L |_L
... and similar results for the right electrode
— straightforward calculation of transition rates and current
118
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Current: comparison of the methods (MIM structure)

Barrier Thickness : 2 nm
T =300 K
15107 —— 3 ‘

Exact calculation ol f
*  Tunnel Hamiltonien < 110 0 A VA ]
--=-- Tunnel resistance purd ; ]
= : .

© gigt G
O 100 — . . I R R R,
0 0.2 0.4 0.6 0.8 1

Voltage (V)
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Calculation of current: Monte Carlo

Exactly the same idea as for the Monte Carlo method for solving the BTE

collision — tunneling event
time of free flight — time without tunneling event

= series of "free flights" interrupted by tunneling events

using 2 random numbers R, R, :

. In(Ry)

for a set of T possible tunneling events: g;(E)="=t—
2.
R2 i=1
o 9 9 9i1 gi 1

— in this case the tunneling event i is selected
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M-I-Si-I-M structure: I-V characteristics

Si quantum dot
” T‘ '_‘ Coulomb Blockade — Effect of temperature
|
|I
\ .
dot radius: R=3nm
barrier thicknesses: T, = 1.5 nm
Tg=1.2nm
100 [ I I I
80 -
< i
£ 60r-
E L
[¢B]
£ 40 -
3 L
O i
20 -
O:HH\H sl Y S
0 01 02 03 04 05 06 0.7 0.8
Voltage (V)
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Current-Voltage characteristics
Effect of the size of the quantum dot
barrier thicknesses: T, = 1.5 nm _
T.=12nm T=30K
80—
70 | — R=3nm ]
60 - R=4nm
é 50 R=5nm
e 40 -
o :
8 30
20 - Coulomb
10 = blockade
0: ! ! ! \‘H\HH\HH\HH:
0 01 02 03 04 05 06 0.7 08
Voltage (V)
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Current-Voltage characteristics

Effect of the size of the quantum dot
barrier thicknesses: T, = 1.5 nm _
T.=12nm T=30K
80—
70-|—R= 1
60 | — E - 2 ﬂm +— Effect of negative
— : = ' | differential conductance
é 50 R=5nm / j
£ 40 -
Qo r
5 30
© 2
10 -
O: ! ! ! \‘H\HH\HH\HH:
0 01 02 03 04 05 06 0.7 08
Voltage (V)
P. Dollfus, 4th School of Simulation and Modelling Physics, Hanoi, 22-23 Dec. 2005 123
Current-Voltage characteristics
Effect of the size of the quantum dot
barrier thicknesses: T, = 1.5 nm _
T.=12nm T=30K
80—
70-|—R-= 1
60 | — S - 2 ﬂm +— Effect of negative
— - | —— R = ' | differential conductance
é 50 R=5nm / i
e 40 -
Qo r
5 30+
O 5ot Stronger effect by
10 : increasing the dot size
0E ! ! \‘H\HH\HH\HH:
0 01 02 03 04 05 06 0.7 08
Voltage (V)
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Current-Voltage characteristics

NDR effect is a consequence of bias influence on wave functions:
V=0 V=02V V=06V

T, =15nm
Tx=1.2nm
| %103 nm-3
19.5
£ __60- |R=4nm;:T=30K E
) < o :
@ £ 50 =
< 2 40
(=] Qo F
= s 300
2 © 20
= 10 -
O:HH\HH\H\\\\\\\\\\\\\\\\\\\\\\\\\\:
0 01 02 03 04 05 06 0.7 038 0 01 02 03 04 05 06 0.7 08
Bias voltage (V) Voltage (V)
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Current-Voltage characteristics

Influence of temperature on NDR effect
dot radius: R=4nm
barrier thicknesses: T, = 1.5 nm
Tg=12nm
70:“”HH\HH\HHHHHH\HH\HH:
60 d NDR is unchanged !
~ 50° .
< g A
S 40 - N
b C ]
30 - ]
5 -
O 20
10 - .
0. Y [but this effect is still to be
0 01 02 03 04 05 0.6 07 08 confirmedexperimentally]
Voltage (V)
Q:) Is the future of single-electron devices
in the use of NDR instead of Coulomb staircase ?
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Influence of the shape of the dot
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